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Abstract. This paper presents new generators for the center of the universal enveloping 
algebra of the symplectic Lie algebra. These generators are expressed in terms of the 
, column-permanent, and it is easy to calculate their eigenvalues on irreducible represen- 

tations. We can regard these generators as the counterpart of central elements of the 
universal enveloping algebra of the orthogonal Lie algebra given in terms of the column- 
determinant by A. Wachi. The earliest prototype of all these central elements is the Capelli 
^ , determinants in the universal enveloping algebra of the general linear Lie algebra. 

(N 
p 

^ ! Introduction. In this paper we give new generators for the center of the universal 
I enveloping algebra of the symplectic Lie algebra sp^. These generators Dk{u) are 
P ■ expressed in terms of the "column-permanent," and similar to the Capelli determinants, 
i.e., well-known central elements of the universal enveloping algebra of the general linear 
^ , Lie algebra g[^. As the key of the Capelli identity, these Capelli determinants are used 
to analyze the representations of gl^y acting via the polarization operators (see [Cal], 
[Ca2], [HU]). One of the remarkable properties of the Capelli determinants is that we 
can easily calculate their eigenvalues on irreducible representations. It is also easy to 
calculate the eigenvalues of our central elements Dk{u). 

On the other hand, it is not so obvious that Dk{u) is actually central in the universal 
enveloping algebra. This fact can be proved as follows. In addition to Dk{u), we consider 
another central element -D^(W') expressed in terms of the "symmetrized permanent." We 
can easily check that this D'j^{u) is central, but its eigenvalue is difficult to calculate. In 
spite of this difference, these Dkiu) and D'j^{u) are actually equal. We will prove this 
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coincidence to show the centrahty of Dk{u). Then, at the same time, we can also see 
the eigenvalue of (u) . 

More directly, our central elements are regarded as the counterpart of the central 
elements of the universal enveloping algebra of the orthogonal Lie algebra o n recently 
given by A. Wachi [W] in terms of the "column-determinant." The discussion between 
D(u) and D'{u) above can be applied to Wachi's elements ([14]). 

Let us explain the main result precisely. Let J e Mativ(C) be a non-degenerate 
alternating matrix of size N. We can realize the symplectic Lie group as the isometry 
group with respect to the bilinear form determined by J: 

Sp{J) ^{ge GLn I 'gJg = J}. 

The corresponding Lie algebra is expressed as 

sp{J) = {Z e qIn I *ZJ +JZ = 0}. 



As generators of this sp(J), we can take 



sp{J) 



J ^EjiJ, where Eij is the 



standard basis of glj^. We introduce the N x N matrix F^f*^'^^ whose (z,j)th entry 
is this generator: = (i^^^ *^'^'')i<i,j<Ar- We regard this matrix as an element of 

Mat^(?7(sp(J))). 

In the representation theory, the case 



J = Jn = 



V-r 



is important. Indeed, we can take a triangular decomposition of 5p( Jq) simply as follows: 

sp(Jo) = n" ® ©n+. 



Here n~, f), and n"'" are the subalgcbra of sp(Jo) spanned by the elements F^J'^'^°^ such 
that i > j, i — j , and i < j respectively. Namely, the entries in the lower triangular 
part, in the diagonal part, and in the upper triangular part of the matrix F^P(-^o) belong 
to n~, f), and n+ respectively. We call this sp(Jo) be the "split realization" of the 
symplectic Lie algebras. 

The following is the main theorem of this paper: 

Theorem A. The following element is central in U{sp{Jo)) for any u e C: 

Dk{u) = -^ V^^K'^''^ + ula - la diag(| -1,1-2,..., -|)). 



l<ai<--<ak<N 
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The notation is as follows. First, the symbol "per" means the "column-permanent." 
Namely, for an N x N matrix Z = (Zij), we put 

per Z = ^ -^a(l)l-^o-(2)2 • • • -^a(Ar)Ar, 

o-eSjv 

even if the entries Zij are non-commutative. Secondly, F^^^-^°'> means the matrix 

pBpiJo) ^ ^sp(Jo) _ diag(^0, . . . , 0, 1, . . . , 1). 

Here the numbers of O's and I's are equal to N/2. Thirdly, 1 means the unit matrix. 
Moreover, for a matrix Z = (Zij) and a non-decreasing sequence a = (ai, . . . ,ak), 
we denote the matrix (^a^a^ )i<ij<fe by Z^- Finally, we put a\ = mil ■ ■ -mN^., where 
mi, . . . , mjv are the multiplicities of a = (cti, . . . , ak)'- 

mi 1712 n^N 

a = {ai,... , Q!fc) = (iT""^^!"!, ^^^"2, . . . ,'n, . ^. ,N). 

This central element Dk{u) is remarkable, because we can easily calculate its eigen- 
value on irreducible representations of sp(Jo) (Theorem 4.4). However, the centrality 
of Dk{u) (namely Theorem A) is not so obvious. 

To prove Theorem A, we consider another central element of t/(sp( Jq)): 

D'„{u) = PeikiF + «1 ; I - 1, 1 - 2, . . . , -I + 1, 0) 
Here the symbol "Per^" means the "symmetrized permanent." Namely we put 

Perfc(Z; ai,... ,afe) = J2 Yl ^^a.(i)a.'(i) K) " " " 

l<ai<---<ak<N a,a'e&N 

with Zij{a) — Zij + Sijtt. From an invariance of this "Per;;;" (Proposition 1.9), the 
centrality of -D^(tt) is almost obvious. However, its eigenvalue is difficult to calculate. 
These Dk{u) and -D^(tt) are actually equal: 

Theorem B. We have Dk (u) = D'^ (u) . 

The centrality of Dk{u) (namely Theorem A) and the eigenvalue of D'f^{u) are both 
immediate from this Theorem B. Namely, proving Theorem B directly, we can settle 
these two problems at the same time. 

Our elements Dk{u) can be regarded as the counterpart of the central elements 
of U{on) recently given by A. Wachi [W]. Wachi's elements are also expressed in two 
different ways. The first expression Ck{u) is given in terms of the "column-determinant," 
and we can easily calculate its eigenvalue under this expression. On the other hand, 
the second expression C^(tt) is given in terms of the "symmetrized determinant," and 
the centrality is almost obvious under this expression. Proving the coincidence Ck{u) = 
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C^(w) directly, we can settle the following two problems: (i) the centrality of Ck{u), and 
(ii) the calculation of the eigenvalue of C'^(tt). See Section 3 and [14] for the details. 

Wc note some central elements related to these elements. First, Wachi's element 
Ck{u) is equal to the central elements of U{on) given in terms of the Sklyanin determi- 
nant in [M] (see also [MNO]). This coincidence is seen by comparing their eigenvalues. 
Moreover, Cfc(O) and -Dfc(O) are equal to the central elements defined by eigenvalues 
in [MN] . For these elements, Capelli type identities are given. 

The symmetrized permanent was also introduced to give Capelli type identities for 
reductive dual pairs. See [12] and [13] for these Capelli type identities in terms of the 
symmetrized determinant and the symmetrized permanent. These identities are closely 
related to Ck{u) and Dk{u). 

The author is grateful to Professors Torn Umeda and Akihito Wachi for the fruitful 
discussions. 

1. Capelli type elements for the general linear Lie algebras. In this section, 
we recall the Capelli determinant, a famous central element of U{qIj^) essentially given 
in [Cal]. We also recall its generalization in terms of minors given in [Ca2] and its 
analogue in terms of permanents due to M. Nazarov [N]. These are the prototypes of 
the main objects of this paper and Wachi's elements. 

1.1. First let us recall the Capelli determinant. Let E^j be the standard basis of gtjv, 
and consider the matrix E = {Eij)i<ij<N in MeLtN{U{Qlpf)). The following "Capelli 
determinant" in U{qIj^) is well known as the key of the Capelli identity ([Cal], [H], 
[Ul]): 

C^^^{u)=det{E + ul + di8ig{N-l,N-2,... ,0)). 

Here the symbol "det" means the "column-determinant." Namely, ioi N x N matrix 
Z = (Zij), we put 

det Z = ^ sgn(<T)2'^(i)iZ^(2)2 ■ ■ ■ ^<7(iV)iv- 

Here each Zij is an element of a (non-commutative) associative C-algebra A. This 
^def (^) known to be central: 

Theorem 1.1. The element C^^n{u) is central in U{glj^) for any it e C. 

The eigenvalue of this Capelli determinant on irreducible representations is easily 
calculated: 

Theorem 1.2. For the irreducible representation tt^'^ of determined by the 
partition X — {Xi, . . . , Xn), we have 

Trf-{C^'-{u)) = iu + h)---iu + lM). 
Here we put li — Xi + N — i. 



TWO PERMANENTS FOR THE SYMPLECTIC LIE ALGEBRAS 



5 



This is immediate from the definition of the column-determinant and the triangular 
decomposition 

(1.1) ^n- ®[)®n+. 

Here n~, f), and n"'" are the subalgebras of gl^ spanned by the elements Eij such that 
i > j , i = j , and i < j respectively. Namely the entries in the lower triangular part, 
in the diagonal part, and in the upper triangular part of E belong to n~, I), and n+ 
respectively. Considering the action of C^'^(tt) to the highest weight vector, we can 
easily check Theorem 1.2. 

We can rewrite this Capelli determinant in terms of the "symmetrized determinant" 
as follows: 

Theorem 1.3. We have 

det{E + ul + diag(iV - 1, iV - 2, . . . , 0)) = Det{E + ul ; N - 1, N - 2, . . . ,0). 

Here the symbol "Det" means the "symmetrized determinant." Namely, for anNxN 
matrix Z = (Zij), we put 

Det Z = Sgn(cr) Sgn(cr')Za(l)a'(l)^a(2)a'(2) " " " ^a(iV)a'(JV) • 

Moreover, for N parameters ai, . . . , ajv G C, we put 
Det(Z ; ai, ... , ajv) 

^ ]^ XI Sgn(cj)sgn(cT')Za(l)a'(l)(0l)^a(2)<7'(2)(02)---^<7(iV)<7'(iV)(07v) 

with Zij (a) = Zij + 6ija. It is obvious that Det Z is equal to the usual determinant, 
if the entries are commutative. This non-commutative determinant "Det" is useful to 
construct central elements in [/(gl^). Indeed, we have the following. 

Proposition 1.4. For any ai, . . . , E C, the determinant 

Det{E ; ai, . . . , ajv) 

is invariant under the adjoint action of GL]sf{C), and hence this is central in U{glj^). 

This is immediate from the following two lemmas: 

Lemma 1.5. The symmetrized determinant is invariant under the conjugation by 
geGLNiC): 

Bet{gZg~'^ ; ai, . . . , qn) = Bet{Z ; ai, . . . , ajv). 

Here Z is an arbitrary N x N matrix whose entries are elements of an associative 
C-algebra A. 
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Lemma 1.6. The matrix E satisfies the relation 

Ad{g)E ^'g-E- 

for any g G GLjv(C). ffere Ad(^)£^ means the matrix {Ad{g)Eij)i<:ij<N. 

Lemma 1.6 can be checked by a direct calculation. Lemma 1.5 is also easy from the 
expression of "Det" in the framework of the exterior calculus. See [II] for the details 
(cf. Section 2 of this paper). 

For convenience, we consider the symbol tlfe = {k — 1, k — 2, . . . ,0). Then both sides 
of Theorem 1.3 can be expressed simply as 

C0'~(w) = dct(S + til + diagh7v), C'^^^{u) = Det{E + ul; y). 

These two expressions play contrast roles. Indeed, it is not so easy to calculate the 
eigenvalue of C"^'^ {u) directly, but the centrality of C"^'^ (u) is immediate from Propo- 
sition 1.4, because Det(£' + ul ; [\n) — Det{E ; uIn + \]n)- Here uIn + \]n means the 
linear combination of the two vectors Ijv = (Ij-- - jl) and t^Ar in . Namely we put 
uIn + \^N = iu + N -l,u + N -2,. . . ,u). 

Using Theorem 1.3, we can settle the following two problems at the same time: (i) the 
centrality of C^'^(u), and (ii) the calculation of the eigenvalue of C"^'^(u). Indeed, as 
seen above, the eigenvalue of C^'^ (u) and the centrality of C'^^^ (u) are almost obvious. 

The proof of Theorem 1.3 will be given in Section 2. 

1.2. Next we recall some generalizations of the Capelli determinant. First, we put 

J2 det(E« + wl + diag^fc). 

l<ai<---<afc<JV 

Here we denote by the submatrix {Zaiaj)i<i,j<k of the matrix Z = (Zij). Obviously 

we have Cfj'' (u) = C^^n(u). This element Cf is also central in U(qIj^) for any 
tt e C, and known by the name of the "Capelli elements of degree A;." 
Moreover we consider the element 

l<ai<---<afc<JV 

due to Nazarov [N]. Here the symbol "per" means the "column-permanent." Namely, 
for any N x N matrix Z — (Zij), we put 

perZ= ^ -^a(i)i • • • -^cr(JV)Ar- 

ae&N 

Moreover, we put a\ = mil • • - mN^ where mi, ... ,mjv are the multiplicities of a = 
(ai, . . . , ak): 

mi m2 miv 

« = («!,... = (l7"^,2y"^,--- ,N\^^^^. 

Note that Za = iZaiaj)i<i,j<k is not a submatrix of Z in general, because a has some 

multiplicities. This D^'^('u) is also central in U{glj^) for any u E C 

We can easily calculate the eigenvalues of these elements C^'^(tt) and D^'^(it). The 
proof is almost the same as that of Theorem 1.2: 
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Proposition 1.7. For the irreducible representation tt = tt^'^ of gij^ determined by 
the partition X = (Ai, . . . , Xn), we have 



7r(Cf^(w))= Yl {u + Xa,+k-l){u + Xa,+k-2)---{u + Xa,), 

l<ai<---<afc<Ar 

7r(L>f^(«))= Yl {u + Xa,-k + l){u + Xa,-k + 2)---{u + Xa,). 



l<ai< — <ak<N 

We can rewrite these elements in terms of the "symmetrized determinant" and the 
"symmetrized permanent" : 

Theorem 1.8. We have 

Y det{Ea + ul + diag \]k) = Betk{E + ul ; 1^^), 

l<ai<---<afc<Ar 

V ^ peT{Ea + ula - la diag \\k) = PeikiE + ul ; -l^fe). 

l<ai<---<afe<Ar 

Here Det^ and Per/, are defined as follows. First we put 

PerZ=— Y ^a(l)<7'(l)---^a(fc)a'(fe)- 



Noting this, we put 

Detk{Z)= Y DetZa 



l<ai<---<afc<Af 



I] ^ ^ Sgn((7)sgn((7')Z«^(i)a^,(,) •••^a.(,)a,,(,p 

l<ai<---<afc<JV ■ a,a'e&k 

Perfc(Z)= V ^PerZa 



a' 

l<ai<"-<afc<Ar 



l<Q;i<---<Q;fc<iV ■ ■ (T,a'£&k 

Moreover, for k parameters ai, . . . , G C, we put 
Detfc(Z; ai, . . . , a^) 

l<ai<---<afe<Ar ■ a,a'e&k 

Perfc(2'; ai, . . . , au) 

l<ai<---<afe<iV ■ ■ cr,(T'66fe 

These Det^ and Per^ are invariant under the conjugations: 
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Proposition 1.9. For g e GLn^C), we have 

Detk{gZg~^; ai,... ,afe) =Detk{Z; ai,... ,ak), 
PeTkigZg-^ ; ai, . . . , Ofc) = Perfc(Z ; ai, . . . , afc). 

Hence, combining this with Lemma 1.6, we have the foUowing. 
Proposition 1.10. For arbitrary ai, . . . , a/, e C, the two elements 

BetkiE ; ai, . . . , afe), Perfc(£' ; ai, . . . , afc) 

are invariant under the adjoint action of GLn{C), and hence central in U{Qlpj). 
Let us denote by C^^'^(tt) and D^^'^(tt) the right hand sides of Theorem 1.8: 

C;^'^(w) =Detfc(£; + wl; [ik) = BetkiE ; wl^v + ^fc), 
L>;^'^(«) =Perfc(£; + «l; ^ Perk{E ; ulN-\\k)- 

These are obviously central in U{glj^) for any u E C However it is not so easy to 
calculate their eigenvalues directly. 

Theorem 1.8 settles the following two problems at the same time: (i) the central- 
ities of C^'^('u) and and (ii) the calculation of the eigenvalues of C^^'^(tt) 

and i^l^'^lw). 

2. The proof in the case of the general linear Lie algebras. In this section, 
we recall the proofs of Theorems 1.3 and 1.8 given in [II] and [13]. In these proofs, 
we express determinants and permanents in the framework of the exterior algebra and 
the symmetric tensor algebra. These calculations are the prototypes of the proof of the 
main theorem. 

2.1. First, we recall the proof of Theorem 1.3 given in [II]. 

We can express the column-determinant in the framework of the exterior algebra 
as follows. Let ei, . . . , e^v be N anti-commuting formal variables, which generate the 
exterior algebra Ajv = A(C^). Put r]j{u) = X^^i eiEij{u) as an element in the extended 
algebra Kn ® U{q{^) in which the two subalgebras A^v and ^/(gl^) commute with each 
other. Then, by a direct calculation, we have the following equality in Ajv ®U{q{j^): 

(2.1) 771(01)772(02) •• •?7Ar(aAr) = 6162 • • • btv det(£' + diag(oi, 02, . . . ,a7v)). 

The symmetrized determinant is expressed similarly by doubling the anti-commuting 
variables. Let ei,... ,eAr,e^,... , be 2N anti-commuting formal variables, which 
generate the exterior algebra A2Ar = A(C^ © C"^). We put S{u) = J2fj=i ^i^jEij{u) 
in A2JV ® U{glpf) . Then, by a direct calculation, we have 

(2.2) S{ai)S{a2) ■ ■ ■ S{aN) = Nleie^ ■ ■ ■ ejve^ Det(£; ; ai, 02, . . . , ajv). 
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Now we can prove Theorem 1.3 using the commutation relation 

(2.3) r]i{a+l)r]j(a) + r]j(a+l)r]i(a) = 0. 

This relation itself is easy from the relation [Eij,Eki] = SkjEu — SuEkj. 
Proof of Theorem 1.3. Since S{u) = ^f^i rii{u)e*, we have 

S{u + N- l)S(u + iV - 2) • • • S(u) 

Vri{u + N- l)el7j^, {u + N- 2)el 

l<il,... ,iM<:N 

= (_)^^ J2 rj,,{u + N-l)rji,{u + N 

l<ii,... ,iN<N 

Here the indices h,... ,1^ can be regarded as a permutation of 1,... ,A^, because 
e*'s are anti-commuting. Moreover the factors r]i{a) can be reordered by using the 
commutation relation (2.3). Thus we have 

S{u + N- l)S{u + iV - 2) • • • S(u) 

= (-)^^^ N\rii{u + N- l)r]2{u + N - 2) ■ ■■riNiu)ele; ■■■€%. 

Comparing this equality with (2.1) and (2.2), we reach to the assertion. □ 

Remark. From (2.2), we can see that Det(£^ ; ai, . . . , un) does not depend on the order 
of the parameters ai, . . . ,aN, because S{ai),... , S'(ajv) commute with each other. 
Indeed S{u) can be expressed as S{u) = S{0) + ur with r = Yl!i=i ^i^ti ^^"^ ^ '^^ 
central in A2Ar ® U{q[^). 

2.2. Next we go to the proof of Theorem 1.8. We only prove the second relation here, 
because the proof of the first one is almost the same. 

We start with the expressions of our permanents in the framework of the symmetric 
tensor algebra. Let Z = (Zij) he an N x N matrix whose entries are elements of a 
(non-commutative) associative C-algebra A. Let ei, . . . , ejv be commutative formal 
variables, which generate the symmetric tensor algebra Sn = S{C^). We put rjj = 
X]i=i ^i^ij ^ cin element in the extended algebra Sn <S>Ai'n which the two subalgebras 
Sn and A commute with each other. Then, by a direct calculation, we have the relation 

(2.4) r]i3= Yl —^eapeiiZao) 

l<ai<---<ak<N 



-2)---rii^{u)elel---e* 
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for 1 < /3i < ■ ■ ■ < < A^. Here 77^3 and Cq, denote ry^^ ■ ■ • 77^3^. and e^^ • • • Cq,^ re- 
spectively, and Zoij3 means the matrix Zap = iZaii3j)i<i,j<k- Moreover, by putting 
r]j{u) = X^^i eiZij{u), this relation is generalized to 

(2.5) rii3iici'i) ■ ■ -riPkM = ^ per(Zo,/3 + la/j diag(ai, . . . , afc)). 

l<ai<-"<afc<Ar 

The symmetrized permanent is similarly expressed by doubling the commutative 
variables. Let ei, . . . , cat, e^, . . . , be 2N commutative formal variables, which gen- 
erate the symmetric tensor algebra S2N = S{C^ ® C^). We put E = J2i j=i ^i^j^ij in 
'S'2Ar (g) A . Then, we have the relation 

(2.6) S(^)= Yl -^e«e^Per(Z«;3). 

l<ai<-<afc<JV 
l<f3i<-<l3k<N 

Here x^'^^ means the divided power: x^'^^ — -^x'^. 

It is convenient to consider the bilinear form {■ \ ■) on S2N defined by the formula 

This is known as the "Fischer inner product." Using this, we can rewrite (2.4) and (2.5) 
to get 

peT{Zaf3) = I ea>, per{Zaf3 + la/3diag(ai,. . . ,afc)) = (r7/3i(ai) • ■■r]f3^{ak) \ e^). 
Similarly (2.6) can be rewritten to get 

Per(Z«;3) = (^('=)|e«e;>. 

Moreover, putting S{u) — Yl!i j=\^i^*j'^i3{'^) ^ = express Per^ 

as 

Perfe(Z) = {E'^^^ I r(^)>, Perfe(Z ; ai, . . . , a^) = (^^(^i) • • • S{ak) \ r^'^). 
These are immediate by noting the relation 

l<ai<---<afe<Ar 

We have a similar expression for the column-permanent: 

pei{Za + ula + ladiag(ai, . . . , Ofc)) = {r]l^{u + ai) ■ ■ •?7i^(w + Ofe) | r'^''^)- 
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Here we put r]j{u) = r]j{u)e*. 

Let us write these expressions simply as 

(2.7) Perfe(Z) = (S^^)), Perfe(Z ; ai, . . . , a^) = (^^K) • • • ^K)>, 

(2.8) per(Zo, + wlQ, + lo;diag(ai,... ,afc)) = (ry^^ (w + ai) • • • ry^^ (it + a^)). 
Here we put 

CXD 

fc=0 

for e S2N- Note here that the sum is actually finite. 

Remark. We can see that Perk{Z ; ai, . . . , a^) does not depend on the order the param- 
eters ai, . . . , afc, because S{ai), . . . , S{aN) commute with each other. Indeed, we can 
express S{u) as S'(O) + ut, and r is central in jS'2jv ^ A. Similarly, Detk{Z ; ai, . . . , a^) 
does not depend on the order the parameters. 

Using these expressions, we can prove the second relation of Theorem 1.8 as follows: 

Proof of the second relation of Theorem 1.8. We put rii{u) — The 
commutation relation 

r],{a)r]j{a+ 1) - r]j{a)r],{a + 1) = 

is easy from the relation [Eij,Eki\ = SkjEu — SuE^j. In particular, r]l{u) = r]i{u)e* 
satisfies the relation 

(2.9) rjl{aWj{a+l) - v]{a)vl{a+l) = 0. 

Since S{u) = ^fj^i eie*Eij{u) is written as S{u) = we have 

S{u -k + l)S{u - + 2) • • • S{u) 

E vl{u-k+l)rjl{u-k + 2)---rjl{u). 

l<ii,... ,ik<N 

The factors r]j{a) can be reordered by using the commutation relation (2.9). Thus we 
have 

E{u -k + l)E{u -k + 2)--- E{u) 

l<ai<---<ak<N ' 

Comparing this equality with (2.7) and (2.8), we reach to the assertion. □ 

Next, let us prove Proposition 1.9. This is an application of the following lemma, an 
elementary fact for the "Fischer inner product" (• | •): 
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Lemma 2.1. Consider the standard action ofgE GL2N on the vector space C^©C^, 
which is naturally extended to an automorphism of S2n- In this situation, we have 

{^\^') = {g{^)\'g-\^')) 

for (p,(p' e 5'2jv- 

Proof of the second relation of Proposition 1.9. For g e GL^, we put 

kg = diag(5r, 'g-^) = (j^ 'g-')^ ^^^AT, 

and consider its natural action on S'2Ar®v4.. By direct calculations, we have the relations 
hg{Ez{u)) = ~gzg~i{u) and */ig^(r) = r for Sz{u) = Efj=i eie*Zy (w) and r = 

YliLi ^i^i- Since hg and are automorphisms of S2N ^ ^) we have 

(^,z,-(«i) • • • ^,z,-K) I T^'^) = {hgiSzM ■ ■ ■ hgEzM) I WrY'^) 

= {Ez{u,)---Sz{uk)\T^'^). 

Here, we used Lemma 2.1 for the second equality. By (2.7) this implies our assertion. 

□ 

The relations for determinants in Theorem 1.8 and Proposition 1.9 can be proved 
similarly by considering the exterior algebra instead of the symmetric tensor algebra 
(see [13]). 



3. The case of the orthogonal Lie algebras. Before going to the main result in the 
case of the symplectic Lie algebra spj^, we recall the case of the orthogonal Lie algebra 
Oat. In this case, two analogues of the Capelli determinant are known. One was given 
by R. Howe and T. Umeda [HU], and the other was recently given by A. Wachi [W]. 

3.1. First we see the general realization of On- Let S e Matjv(C) be a nondegenerate 
symmetric matrix of size N. We can realize the orthogonal Lie group as the isometry 
group with respect to the bilinear form determined by S: 

OiS) = {geGLN\'gSg = S}. 

The corresponding Lie algebra is expressed as 

o(S) = {Z e qIn I *ZS + SZ = 0}. 

As generators of this 0(5"), we can take F°j^^^ — Eij — S~^EjiS, where Eij is the 

standard basis of gtjy- We consider the N x N matrix F°^^^ = iF°j^^)i<ij<N whose 

(z,j)th entry is this generator F°j^\ By a direct calculation, this F°^^^ satisfies the 
following relation: 
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Lemma 3.1. For any g e 0{S), we have 

Here Ad(t/)F''(^) means the matrix {Ad{g)F--^^^)i<ij<N- 

Combining this with Proposition 1.9, we have the following. 
Proposition 3.2. The two elements 

Betk{F°(^'^;ai,... ,ak), Perfc(F''(^) ; ai, . . . , a^) 

are invariant under the adjoint action of 0{S), and in particular these are central 
in U{o{S)): 

Thus, as in the case of gtjv; the symmetrized determinant and the symmetrized 
permanent are useful to construct central elements of U{o{S)). On the other hand, 
unfortunately, it seems not easy to construct central elements of U {o{S)) similarly using 
the column-determinant or the column-permanent at least for general S. 

However, for some special S {S = 1 and S = Sq = (5i,Ar+i-j)i<ij<Ar), we have 
analogues of the Capelli determinant expressed in terms of the column-determinant. 

3.2. First, let us consider the case that S is equal to the unit matrix 1. Namely we 
consider the Lie algebra consisting of all alternating matrices: 

oil) = {Z egl^lZ + 'Z = 0}. 

In this case, R. Howe and T. Umeda gave an analogue of the Capelli determinant in 
terms of the column-determinant: 

Theorem 3.3 ([HU]). The following element is central in U{o{l)) for any u e C: 

C°^^\u) = det(F''(^) +ul + diagtliv). 

As in the case of gl^, we can rewrite this in terms of the symmetrized determinant: 
Theorem 3.4 ([lU]). We have 

det(F''(^) + ul + diag ^jv) = Det(F''(^^) + ul ; \]n)- 

Theorem 3.3 is immediate from this Theorem 3.4. Indeed, by Proposition 3.2, 
C'^^^^u) = Det(F''(i) + ul ; \]n) = Bet{F°^^^ ; uIn + \]n) 
is central in U (o(l)) for any u e C. 
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Remarks. (1) As in the case of gl^v; we have the following generalization of C^^^u): 
C°i}^\^)= E det(F^(i)+i.l + diagy. 

l<ai<---<afe<7V 

This can be rewritten in terms of "Detfc" as 

E det(F^(i) +ul + diag ^fc) = Detfc(F°(i^) + ul ; ^fc). 

l<ai<-"<afc<Ar 

(2) These elements are quite similar to the Capelli elements C^'^ {u). However, it is not 
easy to calculate their eigenvalues. Indeed, for this realization o(l), we can not take its 
triangular decomposition so simply as (1.1). 

3.3. Next, we see the case S = Sq = {5i^N+i-j)i namely we consider the split realization 
of the orthogonal Lie algebra: 

o{So) = {Z — (Zij) E I Zij + ZN+i-j,N+i-i = 0}. 

A central element of U{o{So)) was recently given in terms of the column-determinant: 
Theorem 3.5 ([W]). The element 

C°^^o\u) = det(F''(^°) + ul + diagiiv) 

is central in U{o{So)) for any tt e C. Here [\n Is the following sequence of length N: 



JV = 



(f -l,f -2,... ,0,0,... ,-f + 1), N: even, 

(f -l,f- 2,... ,1,0,-1... ,-f + l), N: odd. 



The proof of this theorem is not so easy (Wachi showed the commutativity with the 
generators of 0(5*0) by employing the exterior calculus). On the other hand, we can 
easily calculate its eigenvalue: 

Theorem 3.6 ([W]). Let 7r^*''^°'* be the irreducible representation of o{So) determined 
by the partition A = (Ai, . . . , \[n/2\), where [N/2] means the greatest integer not ex- 
ceeding N/2. Then we have 

,^ , _ f (ti^ - /?)('u2 - /^) ■ ■ ■ (w^ - /i,„), N: even, 



u{u' - li){u' - li) ■■■{u'- /[V/2]), N: odd. 



Here we put k = Xi + N/2 — i. 



The proof is almost the same as that of Theorem 1.2. Namely this is easy from the 
definition of the column-determinant and the triangular decomposition 



0(^0) =n ®\)®n 



+ 
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Here n~, f), and are the subalgebras of o{So) spanned by the elements F°^f'^°^ such 
that i > j, i = j, and i < j respectively. Namely, the entries in the lower triangular 
part, in the diagonal part, and in the upper triangular part of the matrix F°^^°^ belong 
to n~, [), and n"*" respectively. 

We can also rewrite C°^^°\u) in terms of the symmetrized determinant. To see this 
we put 

C"'(^o)(«) = Det(F''(^o) + ul ; [\n) = Bet{F°^^°^ ; uIn + W)- 

We can easily check that this C'°^^°\u) is central in ^7(o(S'o)) for any u G C. On the 
other hand, it is not so easy to calculate its eigenvalue. However this was given through 
a hard and complicated calculation: 



Theorem 3.7 ([II]). We have 



/ox ^ I (u'^ ^ ^ I9) ■ ■ ■ (u'^ — llr/o), N: even. 



u{u^ - ll){u^ - ll) • • • - if^/^p, N: odd. 



Comparing this with Theorem 3.6, we have C°^^°\u) = C'°^^"\u) (recall that any 
central element in the universal enveloping algebras of semisimple Lie algebras is deter- 
mined by its eigenvalue): 

Theorem 3.8 ([W]). We have 

det{F°^^°^ + ul + diag^jv) = Det(F''(^°) + ul ; \\n). 



This equality was first shown by A. Wachi in this way. Namely this proof depends 
on the two non-trivial results Theorems 3.5 and 3.7. 

However, we can also prove Theorem 3.8 directly not using Thereoms 3.5 and 3.7 
(see [14]; this is similar to the proof of the main theorem in this paper, but easier). 
Conversely, Theorems 3.5 and 3.7 follow from this Theorem 3.8 immediately. 

3.4. These results can be generalized in terms of minors: 

Theorem 3.9 ([W]). The following element is central in U{o{So)) for any u e C: 
Cf''\n) = E det(F^(^°) + ul + diag(| - 1, | - 2, . . . , -f )). 

l<ai<---<afc<Ar 

ffere we put 

po{So) = f + d^^g(0' • • • , 0, 1, . . . , 1), N: even, 

I F°(So) + diag(0, . . . , 0, 1, 1, . . . , 1), N: odd, 

where the numbers ofO's and I's are equal to [N/2]. 

This central element can be rewritten in terms of the symmetrized determinant: 
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Theorem 3.10 ([W]). We have 

J2 det(F^(^°) +ul + diag(| - 1, | - 2, ... , -|)) = Detfc(F"(^°) + «1 ; ^fe). 

l<ai<--<afc<iV 

These can be deduced from Theorem 3.8. See [W] for the details. 

Remarks. (1) We can also express Cl.^^°\u) as 

= E det(F^(^°) +ul + diag(|, | - 1, . . . , -| + 1)). 

l<ai<---<afe<JV 

Here F°^^°'> is defined by 



po{So) 



F°^^"'^ - diag(l, . . . , 1, 0, . . . , 0), N: even, 

i?o(So) _ diag(l, . . . , 1, i, 0, . . . , 0), N: odd, 

where the numbers of I's and O's are equal to [N/2]. 

(2) The element C°^^°\u) is also equal to the central element given in [M] in terms of 
the Sklyanin determinant. This is seen by comparing their eigenvalues. See [M], [MN], 
[MNO], [lU], [II], [W] for the details. 

(3) The following relation holds for general S [lU] : 

(3.1) Det2fc(F''(^) ; = E Pi{F°^'^S)a Pi{S-' F"^'^)^. 

Here we define the Pfaffian Pf Z for an alternating matrix Z = {Zij) of size 2k by 

^^^"i ^ Sgn((7)Z^(i)^(2)^a(3M4)---^a(2fe-lM2fc)- 
o-€&2k 



4. The case of the symplectic Lie algebras. In this section, we introduce the main 
object of this paper, namely an analogue of the Capelli determinant for the symplectic 
Lie algebra spjy- We can regard this as the direct counterpart of the element C^^^°\u) 
due to A. Wachi, but this element is given in terms of the column-permanent not in 
terms of the column-determinant. 

4.1. First we see the general realization of sp^v- Let J e Mativ(C) be a non-degenerate 
alternating matrix of size N (hence N must be even; let us put n = N/2). We can 
realize the symplectic Lie group as the isometry group with respect to the bilinear form 
determined by J: 

Sp{J) = {ge GLn I 'gJg = J}. 
The corresponding Lie algebra is expressed as 

sp{J) ^{Z e qIn I ^ZJ + JZ = 0}. 
As generators of this 3p(J), we can take F^j^"^^ — Eij — J~^EjiJ. We consider the 
N X N matrix F^'^^^^ = {F^j'^'^^)i<i,j<N whose (i,j)th entry is this generator F^j^'^\ 
By a direct calculation, this F^p*^"') satisfies the following relation: 
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Lemma 4.1. For any g & Sp{J), we have 

Here Ad{g)F^'P^'^^ means the matrix {Ad{g)F-J'^-^^)i<^^j<N ■ 

Combining this with Proposition 1.9, we have the foUowing proposition: 
Proposition 4.2. The two elements 

BetkiF"'^'^ ; ai, . . . , afc), Perfe(F^P('^) ; ai, . . . , a^) 

are invariant under the adjoint action of Sp{J), and in particular this is central in 
U{sp{J)). 

Thus, the symmetrized determinant and the symmetrized permanent are useful to 
construct central elements of U (5p( J)) as in the case of qI^. However, unfortunately, the 
column-determinant and the column-permanent do not seem so useful for this purpose 
at least for general J. 

4.2. Let us consider the split realization of the symplectic Lie algebra. Namely we 
consider the case 

J = Jo = 

It is convenient to introduce the symbols 

r -1, l<i<n, 
i> = N + l-i, e(%) ^\ - - ' 

1+1, n+l<i<N, 

so that Jo = i£ij)Sij')i<ij<N and F^J'^'^°'' = Eij — e{i)e{j)Ej'i' . Moreover the commu- 
tation relation of F^^^'^°^ is given by 

(4.1) F.?^'"^] = F:,^^'"^S,, - F^,f°^Su 

+ e{k)e{l)F?^''h,u' + e{i)e{j)Fliy^hyi. 

This realization sp( Jo) is important in the representation theory. Indeed, we can take 
a triangular decomposition of 5p(Jo) simply as follows: 

(4.2) sp(Jo) = n" © f) ©n+. 

Here n~, f), and n"'" are the subalgebra of sp(Jo) spanned by the elements F^j^'^°^ such 
that i > j, i = j, and i < j respectively. We call this 5p(Jo) be the "split realization" 
of the symplectic Lie algebra. 



1 

-1 
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The main object of this paper is the following element of U{sp{Jo)): 
DT^'°^ {u)= Y1 ^ per(Ff (-^o) + _ diag(| - 1, | - 2, ... , -|)). 

l<ai<---<afc<JV 

Here F^pC-^o) means the matrix 

pBpiJo) ^ pBpiJo) _ diag(0, . . . , 0, 1, . . . , 1), 
where the numbers of O's and I's are equal to n. 

Theorem 4.3. The element D^^^^°\u) is central in U{sp{Jo)) for any u E C. 

The eigenvalue of D^J'^'^°\u) on the irreducible representations of 5p(Jo) can be cal- 
culated easily by noting the triangular decomposition (4.2): 

Theorem 4.4. For the representation Tr^*"^"^"^ of sp(Jo) determined by the partition 
A = (Ai, . . . , An), we have 

1=0 l<ai<---<ai<n 

n+l<ai + i<---<afe<Ar 

(« + Aai - I + l)(w + Aa, - I + 2) ■ ■ ■ (W + Aa, - I + 

To prove Theorem 4.3, we additionally consider the following element: 

D'^'^^-'°\u) = Perfe(F^»'(^°) + ul ; ^fe) = PeikiF'^^'^^ ; uIn + h)- 

It is obvious from Proposition 4.2 that this D'^'^^'^°\u) is central in U{sp{Jo)) for any 
u e C However it is not so easy to calculate the eigenvalue of D'^'^^'^°\u) directly. 
Actually these two elements D^f}'^'^°\u) and D'^^^'^°\u) are equal: 

Theorem 4.5. We Lave Df^'^°\u) = D'^^'^-^"\u), namely 

J2 ^ per(F^P(^o) + ul^ - 1« diag(| - 1, | - 2, . . . , -|)) 

l<ai<-"<afc<iV 

= Perfe(F^»'(-^°)+«l; y. 

Theorem 4.3 is immediate from this. Moreover, using Theorems 4.4 and 4.5, we can 
easily see the eigenvalue of D'^^^'^°\u). Thus, as in the case of o(<S'o), this Theorem 4.5 
settles two problems at the same time. 
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The remainder of this paper is devoted to the proof of Theorem 4.5. 
Remarks. (1) We can also express D^fJ'^'^°\u) as 
Df°\u) = E ^ per(F^f (-^o) + ul^ - 1« diag(f , | - 1, . . . , -| + 1)). 

l<ai<---<afc<JV 

Here we put F^P(Jo) = f^P(Jo) + diag(l, . . . , 1, 0, . . . , 0). 

(2) Considering the generating function of D^fJ'^'^°\u), we can rewrite Theorem 4.4 more 
simply (see [13]). Moreover the right hand side of Theorem 4.4 can be regarded as the 
complete symmetric polynomials associated to a kind of factorial power. See [15] for the 
details. 

(3) Prom Theorem 4.4, we see that Dl^^'^"\o) is equal to Dk defined in [MN]. Moreover, 
as the counterpart of (3.1), we have the relation 

Per2k{F''^'^ ; \\2k) = Hf (F^P(^) J)a Hf ( J-^F^P^-^)), 

» Oil 

l<OLi<---<OL2k<N 

for general J. Here we define the Hafnian Hf Z for a symmetric matrix Z — {Z^j) of 
size 2k by 

This is deduced from Theorem 5.1 in [MN]. 

5. Proof of the main theorem. Let us show Theorem 4.5 using the symmetric tensor 
algebra. This proof is similar to that of Theorem 1.8, but more complicated. Namely 
we need the variable transformation method developed in [lU], [12], [13]. 

Hereafter, we omit the superscript sp(Jo). Namely we denote ^^^(-^0)^ F^J'^'^°\ 
D^^'^"\u)j and D'^'''^'^°\u) simply by F, Fij, Dh{u)^ and D'j^{u) respectively. 



5.1. First, let us express both sides of Theorem 4.5 using the symmetric tensor algebra 
S2N = >S'(C^ © C^). Let ei, . . . , cat, e|, . . . , be the standard generators of S'2jv- 
In the extended algebra S2N ® t^(sp('^o)), we put 



N N N 

I 1 



i,j=l i,j='^ «=1 



SO that S{u) = S + UT. Then, by (2.7), we can express D'f,{u) as 
(5.1) D'l^iu) = Perfc(F + ^1 ; -| + 1, -| + 2, . . . , | - 1, 0) 

= ^<-^(«- 1 + 1) 
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Here E''{u) means the "rising factorial power" 

S^{u) = S{u)S{u +l)---S{u + k-l). 

Let us express Dk{u) similarly. We put 'r]j{u) = ^iFij{u) and ijjiu) = rij{u)e 

so that ^jLi^j('") — ^(u). Moreover, we put fjj{u) = ^iLieiFij{u) and fjj{u) 
fjj{u)e*. Then r]j{u) and ?7j(w) are related by 



J' 



(5.2) f)l{u) 



r]j{u-l), n+l<i<N. 



In this notation, we have 

per(F« + ul^ - 1« diag(| - 1, | - 2, ... , -|)) 

= <C(« - I + - I + 2) • • -Vliu + |)> 

by (2.8). Thus we can express Dk{u) as 

(5.3) Dkiu)= Yl ^(C(«-| + l)C(«-| + 2)---C(«+l)>- 

l<Q:i<-"<afc<iV 

Remark. Recall that S{u) and S{w) are commutative for any u, w & C, because r is 
central. 

5.2. By (5.1) and (5.3), our goal Djf{u) = D'i^{u) can be expressed as 

E ^<C(«-l+i)C(«-l+2)---C(«+l)> = (^'"'(«-l+i)-^w>- 

l<ai<---<afc<Ar 

Replacing u by w + | — 1, we can rewrite this simply as 

u 

E ^<^L + 1) ■ ■ - Ci^ + ^ - 1)> - (^'"' w • + 1 - 1)>- 

l<ai<---<afc<iV 

Let US prove Theorem 4.5 in this form. Namely, we hereafter aim the following relation: 
Lemma 5.1. We have 

{Wk{u)) = (WUu)). 

Here we put 

l<ai<---<afe<iV 



2 
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5.3. In Sections 5.3-5.5, we will study the relation between Wk{u) and the factorial 
powers of E{u). First, Wk{u) is expressed in terms of r]j{u) as 

(5.4) 

Wk{u) = J2 E (^)^a. {u + l)---r,l{u + l-l) 

1=0 l<ai<---<ai<n 

n+l<ai + -i_<---<ak<N 

■ + i - + i)---vi,{u + k- 2). 

Note that rji{u) and 'r]l{u) satisfy the following commutation relation. This is deduced 
from (4.1) by a direct calculation. 

Lemma 5.2. We have 

r]j{u)r]i{u + 1) - r]i{u)r]j{u + l) = OJ^^ = e{j)05j'i, 
r,]{u)r,\{u + 1) - r,\{uW,{u + 1) = ej^'e^el = e{j)05yie]el 

Here Jq means the (i,j)th entry of the matrix Jq^, and O is defined by 

N 
a, 6=1 

Remark. For any u & C, we have 

N 

O = ^e{b)rib{u)eb. 

b=l 

Corollary 5.3. When l<i,j<norn + l<i,j<N, we have 

r]j{u)r]]{u + 1) = r]]{u)r]j{u + 1). 

Noting this relation, we consider the two elements 

n N n 

j=l i=l j=l 

N N N 

j=n+l i=l j=n+l 

Then we have S-{u) + S+{u) = S{u). Moreover we put 

Sliu) = S+{u)S+{u + l)---S+{u + k-l). 
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By Corollary 5.3, these factorial powers can be expanded as 

l<ai<---<afc<n 
n+l<l3i<---</3k<N ^' 

Thus we can rewrite (5.4) simply as 

i>o 

5.4. Let us consider an analogue of Wk{u): 

i>o ^ ^ 

This Vk{u) is related to Wk{u) as follows: 
Lemma 5.4. We iiave 

^fc(w) = Wk{u) + kVk-i{u)r+. 
Here we deGne t_ and r_|_ by 

n N 
i=l i=n+l 

SO that T = T_ + T+, S_{u) = 'H'_(0) + ttT_, and '5'+(tt) = S'+(0) + ut+. 

Remark. These t_ and r_|_ are obviously central. Hence and commute 

with one another for any u, w & C Similarly S^{u) and S+{w) are commutative. 

Proof of Lemma 5.4. Since S+{u) — S'_|_(0) + ut+, we have 



Sl{u)-Sl{u-l) = kSi-\u)T+. 

Hence, we have 

VM - Wk{u) = Y ^Un) . {Ef\u + - Sf\u + 1-1)} 
i>o ^ ^ 



J2(^)^Uu)-{k-l)Si-^-Hu + l)r+ 
i>o 



= kVk-liu)T+. □ 

5.5. Let us study the relation between Vk{u) and the factorial powers of S{u). First, 
the following commutation relations are easy from Lemma 5.2: 
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Lemma 5.5. We have 

S+{u - l)S_{u) -S_{u- l)S+{u) = 0p\ 

Here we put p* = Y17=i ^i^i'- 
Lemma 5.6. We have 

r]j{u)0 = er]j{u + 2), 

and in particular 

s{u)e = os{u + 2), s_(u)e = es_(u + 2), s+(u)e = es+(u + 2). 

Note that p* is central in S2N ® U{sp{Jq)). Thus, the following relation is obtained 
from Lemmas 5.5 and 5.6 by a simple calculation. 

Lemma 5.7. We have 



E'l{u)E_{u + k)-S_{u)S'l{u + l)^kS'l-\u)ep\ 



Moreover, we have the following relation: 
Lemma 5.8. We have 



Vkiu)S{u + k)- Vfc+i(«) = kVk-i{u)0p*. 



Proof of Lemma 5.8. First, we have 
Vk{u)S_{u + k)-S_{u)Vk{u+l) 



= E f /) ^Uu)^i-\u + l)E_{u + k)-Y: 0) Si+Hu)Sl-\u + 1 + 1) 

= E f / 1 — ■ + i^ + k)- ^- {u + l)Ef\u + 1 + 1)} 

i>o 

= E (^)--(^) • - o^F^(« + O0p* 

l>0 ^ ^ 

= E^(^7')-^(-)-F^(-+O0p* 

1>Q ^ ^ 

= kVk-i{u)Op*. 

Here we used Lemma 5.7 for the third equality. Moreover, we have 
Vk{u)S+{u + k)+ S-{u)Vk{u + 1) 
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= E (^^^Uu)s^-'^\u + + E (^^^'-^\u)s^-\u +1+1) 

l>0 ^ ^ />0 ^ ^ 

= E Ci) (-)-?^(- + + E ! i) (-)-F^(- + 

l>0 ^ ^ i>0 ^ ^ 

= Ef^t')-^(-)-F^(-+o 

= 14+i(m), 

because (J) + = C"]^). Thus we have 

= Vkiu){E_{u + k)+ E+{u + k)} - {Vk{u)S+{u + k) + S_{u)Vk{u + 1)} 
= Vk{u)E-{u + k)-S_{u)Vk{u + l) 
= kVk-i{u)Op\ 

Using this, we can show the foUowing expansion: 
Lemma 5.9. We have _ 

Here we put 

iif = Q)(a-i)M 

with {21 - 1)!! = {21 - \){2l - 3) • • • 1 (we put (-1)!! = 1 when I = 0). 

Proof of Lemma 5.9. This can be proved by induction on k. First, the case k = 
easy. Next, by assuming the case k — m, the case k — m + 1 is deduced as foUows: 



S'^+^u) = S'^{u)S{u + m) 

= J2RrVn^-2i{u)e'f/'E{u + m) 



l>0 

*l 



= J2 RrVm-2i{u)S{u + m- 200V 

l>0 

= RTVm-2l+l{u)e' p*' + J](m - 2l)RTVm-2l-l{u)e'+^ p*'+^ 

l>0 l>0 

= J2 RrVm-2l+l{'^)O^P*^ + ^(m - 2Z + 2)Rf'_,Vm-2l+l{'^)O^P* 

l>0 1>1 

= Y,Rr^'Vm-2l+l{u)0'p*K 



l>0 
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Here we used Lemma 5.8 for the fourth equahty. To show the last equahty, we also used 
the relations 

R^+^ = R^ = 1, RY'+^ = Rf" + {m-2l + 2)R'^^. 

These relations themselves are immediate from the definition oi Rf. □ 
The coefficient Rf also appears in the expansions 

(5.5) vJ" = Y^{-yR\iP^\ u^=Yl 

l>0 l>0 



Here %^ and %^ mean the two factorial powers 

= + l)(w + 2) • • • + /c - 1), = + 2)(w + 4) • • • + 2A; - 2). 

In particular, we have 

l>0 

By noting this, the following is immediate from Lemma 5.9: 
Lemma 5.10. We have 



l>0 



5.6. Next we consider the following relations: 
Lemma 5.11. We have 



Lemma 5.12. We iave 

Here uj is the central element defined by 

N 



UJ 

I I 



^e{i)eie* = -t_ + r+. 



Moreover S^{u) means the factorial power 

e'^{u) = S{u)S{u + 2)S{u + 4) • • • E{u + 2k-2). 
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To prove Lemma 5.11, we use a variable transformation and Lemma 2.1. We put 



so that 

ad-bc\ -bJo al 

These g and ^g~^ naturally act on C^^, the space spanned by the formal variables 
ei, . . . , ejv, e*, . . . , e^. Let us consider their extended actions on S2N = S{C'^^) and 
moreover on S2N ® U{sp{Jo)) as automorphisms. Then, we have the relations 

^(r) = {ad — bc)T, g{uj) = {ad + bc)(jj + 2abp + 2cdp*, 

g{p) = a^p + (?p* + aca;, g{p*) = b'^p + d^p* + bdw, 
^^'^"^ g{S) = {ad + bc)S + ab0 + cdO*, 

g{0) = a^O + c^e* + 2acS, g{0*) = b'^O + d'^O* + 2bdS. 

Here we define 0* and p by 

N n 

O* = eii)e*e*Fi>j, p= -^eiCi^. 

i,j=l i=l 

Moreover we have 

*g-\T) = {ad-bc)-^T. 

Remark. To show (5.6), it is convenient to consider the "row vectors" e = (ei, . . . , e^) 
and e* = (e^, . . . , e|^), so that 

T = eV, E = eF*e\ = eFJo% O* = e*%^F*e*, 
oj = eKo'e*, p = ^eKoJo'e, p* = ^e*%^Ko'e*. 

Here Kq means the matrix Kq = diag(— 1, . . . , —1, 1, . . . ,1). 

Proof of Lemma 5.11. Let us suppose that a = b = d = 1 and c — 0. Then (5.6) is 
rewritten as 

9{r)^r, g{uj)=uj + 2p, g{p) = p, g{p*) = p + p* + uj, 
g{S)^S + 0, g{0)^0, g{0*) ^ O + + 2S. 

In particular we have 

g{S{u)) = E{u)+0, g{0)^0, g{io - 2p*) = -{to + 2p*), g{T) = r. 
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Using Lemma 5.6, we can show a kind of binomial expansion: 

giS'^iu)) = (Siu) + 0){S{u + 2) + 0) • • • iS(u + 2k-2) + e) 
= J] r^") + 2) • • • S(« + 2s - 2) • 0^ 

Moreover, expanding the equahty ^^((a; — 2p*)') = (— )'(a; + 2p*)', we have 

r>0 ^ ^ r>0 ^ ^ 

We also have g{0^~^) = 0''~^ and g{T^) = r"*. Multiplying these equalities, we have 



Take the inner product with t'^^+'^^ i), and apply Lemma 2.1. Then, since ^g ^{t) = r, 
we have 

(5.7) C) {^^\u)0'-^u^{-2p*y-W^) 

o^n ».~>n \ / \ / 



s>0 r>0 



Note that (^E'^{u)0^uj'^ p*'^T^^ is equal to zero, unless h ^ d (compare the order of 
ei, . . . , Cat with the order of e*, . . . , e*^). Hence, the left hand side of (5.7) is equal to 
zero, unless r — 1. Similarly, the right hand side is equal to zero, unless s — r — 1 ot 
s = A; — 1, r = 0. Thus we have 

l{S^{u)0^-^uj{-2p*y-\'^) 



= {-yi{E''{u)e^-^u;{2p*y-W'^) + {-yk{E^-^{u)o\2p*yT'^). 

Simplifying this equality, we have 



k{s^-^{u)e^p*\'^) + i{s^{u)e^-^p*^-^T'^u) = 0. □ 
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Proof of Lemma 5.12. By the expansion (5.5), we have 



(5.8) S\u) = Y,{-YR^^S^-''{u)t''. 

r>0 

Moreover, we have 



= Y,{-rkE!'-^S^^{u)T^ - ^(-)-i?^-2s^^(«)r-+i. 

r>0 r>0 

Since i?^ = for r < 0, this is equal to 

^(-)^A;i?^i^^^(«)T^ _ ^(_)--ii?fe-2s^^(«)r- 

r>0 r>0 



r>0 



= Y.^-y{k - r)R^^S^-^-'-{u)T''. 

r>0 

Here we used the relation 

kR^-^ + ^^^rP^i^^Zi = {k- 2r)i?^ + ri?^ = (A; - r)i?^ 

Comparing this with (5.8) and applying Lemma 5.11, we have the assertion. □ 

5.7. Combining Lemmas 5.4 and 5.9, we can write Wk{u) as follows. Using kR^~^ 
[k - 2l)Rf, we have 

(5.9) 

Wk{u)^Vkiu)-kVk-i{u)-T+ 



J](-)'i?fs^-2'(«)0V*^ - fc^(-)^i?f-^s'=-2^-^(«)0V*'T+ 



/>o l>0 



^(-)'i?fs'=-2'(«)0V*^ - I](-)'(^ - 2l)Rfs''-^^-\u)0^p*W+ 

l>0 l>0 

^{-yR^S^\u)e^p*^ - ^ J2^-y{k - 2l)Rfs''-^^-\u)0^p*^oj 

l>0 l>0 



2 

/>0 
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l>0 l>0 
l>0 



2 

l>0 



By Lemma 5.12, we have 



{k-2i- i){wUi-2{u)e'^'p*'+') = (/ + i){E^-^'-\u)e^p*^u). 

Multiplying this by fc_2/_i -Rf+i = wv^^h ^s^Ye 



RU{WU,_,{u)0^+' p*^+^) = {k-2l)R^{E'-^'-\u)0'p*'u:). 

Combining this with (5.9), we have (Wk{u)^ = <^VFj^(w)), namely Theorem 5.1. This 
finishes the proof of the main theorem. 

Remark. This proof of Theorem 4.5 is essentially more difficult than that of Theo- 
rem 3.8. In [14], we only used simple commutation relations in A2Ar ® U{o{Sq)) to 
prove Theorem 3.8. In contrast to this, to prove Theorem 4.5, we needed a variable 
transformation and Lemma 2.1 as seen in Section 5.6. 
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